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Analytic Model for Single-Cycle Detonation Tube
with Diverging Nozzles

Ethan A. Barbour* and Ronald K. Hansont
Stanford University, Stanford, California 94305

DOI: 10.2514/1.35420

An analytic model for quantifying the specific impulse of a single-cycle detonation tube fitted with a diverging
nozzle is developed. The model takes advantage of the fact that the detonation tube is choked, thus enabling the
straight-tube and nozzle impulses to be dealt with separately. No assumptions of steady flow are needed, and the
model can be applied even for nozzles that are not pressure-matched to the environment. The model is validated
against ballistic-pendulum measurements. Application of the model is demonstrated by identifying optimized area
ratios over a wide range of pressures. The optimized area ratio is shown to be mainly a function of the ambient/

plateau pressure ratio P, /P;.

Nomenclature

cross-sectional area

ratio of nozzle exit pressure to nozzle inlet pressure
combustible mixture mass

sound speed

diameter

= geometric factor corresponding to P;

geometric factor corresponding to P,

= gravitational acceleration

= mixture enthalpy per unit mass

= impulse

mixture-based specific impulse

nozzle model proportionality constant corresponding
to Py

nozzle model proportionality constant corresponding
to P,

straight-tube model proportionality constant

= length

= Mach number

= mass

= mass-flow rate

tamper mass

= pressure

= shock factor

= thrust

= time

time from ignition to beginning of nozzle blowdown
time taken by the detonation wave to reach the
straight-tube end

time starting from ¢, until nozzle thrust reaches
steady state

time duration of steady nozzle flow

time between the end of steady nozzle flow to the
appearance of shock at the nozzle exit
Chapman—Jouguet wave speed

gas velocity

volume
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= spatial coordinate

first factor for the straight-tube model

second factor for the straight-tube model
preblowdown impulse factor corresponding to P;
preblowdown impulse factor corresponding to P,
isentropic exponent

ratio of exit area to straight-tube area
temperature

density

nondimensional time

blowdown impulse factor corresponding to P3

= blowdown impulse factor corresponding to P,

o =
I mnnu
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Subscripts

= exit

inlet

nozzle

quiescent

straight tube

nozzle entrance

reactant state

state of the stagnant region behind the Taylor wave
straight-tube exit state during steady flow

= ambient state
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3
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Superscripts

0 =

* =
’

stagnation state
maximized specific impulse
= differentiation with respect to M, ,

1. Introduction

ULSED-DETONATION engines (PDEs) offer theoretical

advantages over conventional constant-pressure propulsion
devices as well as inherent mechanical simplicity [1]. Although most
of the available chemical energy of the reactants is harnessed as work
via pressure that acts on the endwall, the simple straight-tube design
fails to capture a large fraction of the available energy due to the
products leaving the tube at elevated pressures. The simplest way to
address this concern is with a nozzle attached to the end of the straight
tube. Various types of nozzles have been considered, the most
common of which are diverging and converging—diverging.
(Straight nozzles have also received attention [2], but in this case, the
benefit arises from the tamper mass retarding blowdown of the
combustion products.) Kailasanath [3] gave a review of work in PDE
nozzles up to 2001.
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In general, diverging and converging—diverging nozzles have
been shown to improve single-cycle performance. Cambier and
Tegnér [4] numerically simulated the thrust from a straight
detonation tube fitted with a diverging nozzle. Both the tube and the
nozzle were filled with reactive mixture. By increasing the exit area
they were able to increase the impulse. Fuel-based specific impulse
was also observed to increase for a sufficiently large exit area, despite
the added fuel mass that resulted from the larger nozzle volumes. An
optimum exit area ratio was not identified, nor was the method of
choosing the range of tested area ratios discussed. Eidelman and
Yang [5] also performed numerical simulations on a straight
detonation tube fitted with a bell-shaped diverging nozzle. The exit/
tube area ratio € was fixed at 5. This choice was based on the pressure
that acted at the endwall of the straight tube. Their design was also
able to increase the impulse. The authors concluded that
overexpansion played an important role in the amount of impulse
attributed to the nozzle.

Morris [6] numerically simulated the effect of converging—
diverging nozzles on PDE single-cycle impulse over a wide range
of area ratios and ambient pressures. He showed that an optimum
diverging area ratio exists for each ambient pressure. He also
showed that the relative gain of an added nozzle becomes more
pronounced as the ambient pressure is decreased. Owens and
Hanson [7] also investigated the question of optimum area ratio by
numerically simulating a PDE fitted with nozzles having different
area ratios. The optimum area ratio was found to be well predicted
by a steady nozzle operating with a stagnation pressure equal to the
time-averaged pressure acting at the PDE endwall. The model did
not, however, quantify impulse. They also established that both the
diverging and converging—diverging nozzles were choked during a
significant portion of the blowdown by experimentally observing
expansion fans at the throat. The important conclusion was that a
converging section is not needed to choke the combustion products
of a PDE.

Cooper and Shepherd [8] experimentally studied the effects
nozzles have on straight-tube, single-cycle impulse. The type of
nozzle (converging vs converging—diverging), area ratios, and
ambient pressure were tested. The nozzle contained quiescent air at
ambient conditions. In all cases, the addition of a nozzle increased the
specific impulse. The authors divided all cases into two broad
groups: quasi-steady and unsteady. Quasi-steady blowdown was
attributed to cases that had low tamper masses and thus short nozzle
startup times. Unsteady blowdown corresponded to large tamper
masses and thus long startup times. A simple model was developed to
try to capture performance under quasi-steady operation. Complex
phenomena such as transient nozzle separation were expected to be
present for the unsteady cases because ambient pressures were high.
Morris [9] attempted to reproduce Cooper and Shepherd’s [8]
measurements using a chemically reacting two-dimensional Euler-
based code. Agreement was best at low ambient pressures, for which
separation effects were expected to be at a minimum. Because the
Euler-code was not able to capture separation, agreement at high
ambient pressures was worse.

There is currently a need for a simple systematic design
methodology for PDE nozzles. Although numerical techniques can
be employed to identify the optimized area ratio (as was done in
[6,7]), computational times make this approach undesirable.
Furthermore, the resulting design would be specific to a particular
straight-tube length, ambient pressure, initial pressure, fuel, oxidizer
and equivalence ratio. Therefore, both a physical understanding of
the transient flow through nozzles, as well as any resulting scaling
laws, is required to simplify nozzle design. To address this need, a
simple constant-y model has been developed that is meant to
complement the straight-tube model of Wintenberger et al. [10], later
revised by Cooper and Shepherd [11]. This is done by first discussing
the thrust that manifests itself in detonation-tube nozzles. Then the
nozzle choke state is derived. Next, the thrust and impulse of various
portions of the nozzle blowdown are quantified. The model is
compared with available experimental results. Finally, the model is
applied to demonstrate how an optimized exit area ratio is chosen for
a particular reactant state and ambient pressure.

II. Detonation-Tube Configuration

The configuration considered is depicted in Fig. 1. The straight-
tube section has a length L, and cross-sectional area A, where
subscript s represents a straight tube. The nozzle is conical and thus
has a linearly increasing diameter. The exit area is denoted as A,, ,
where subscript n represents the nozzle and e represents the exit. The
nozzle area ratio is ¢ = A, ,/A,. The length of the nozzle is
designated as L,. The interface between the straight tube and the
nozzle is referred to as the throat, despite the lack of a converging
section. An imaginary diaphragm is placed at the throat. The initial
condition consists of quiescent reactants at initial pressure P; and
initial temperature 6, to the left of the diaphragm, and quiescent air at
ambient pressure P, and ambient temperature 0, to the right of the
diaphragm. Unless otherwise stated, the following baseline case is
implied throughout this paper: stoichiometric C,H,/0,,
P, =1atm, §, =0, =298 K, D, =50 mm, and L, = 1 m. The
ignition source is located at the endwall, and direct initiation is
assumed. [Deflagration-to-detonation transition (DDT) is not
expected to influence the model’s accuracy because [12] shows
that DDT has a minimal effect on straight-tube performance.]

III. Numerical Model

In addition to the analytical model developed herein, a numerical
model is employed to help understand transient flow within the
nozzle, to guide nozzle design, and to quantify certain parameters
used by the analytic model that could not be determined
experimentally. The numerical model is described fully in [7]. The
model is quasi-one-dimensional, adiabatic, and inviscid. Both
endwall thrust and nozzle thrust are determined by integrating
pressure over the appropriate thrust surfaces at each instant in time.
Chemical mechanisms can be implemented, but a constant-y
assumption is applied for the sake of comparing with the constant-y
analytic model. Furthermore, the flow is assumed to be in chemical
equilibrium. Thus, y is not the ratio of specific heats, but rather the
slope of the isentrope [with entropy evaluated at the Chapman—
Jouguet (CJ) state] in log(P)-log(p) space. (See [13] for a
discussion of using frozen vs equilibrium y.) All CJ properties
(including y) are evaluated using the STANJAN equilibrium solver
[14]. Numerical simulations are initiated by imposing the constant-y
Taylor wave between the endwall and the diaphragm. (See [15] for a
discussion of the Taylor wave.) This strategy makes the need to
resolve the reaction zone of the detonation wave unnecessary, and so
the chosen grid resolution of 0.5 mm is sufficient.

IV. Time-Varying Thrust

Because thrust and impulse are linear combinations of both the
endwall and nozzle contributions, it will be convenient to break
down the overall engine thrust and impulse into these two
components. Figure 2 shows the time-varying thrust histories
obtained via numerical simulations. The ambient pressure P,, was
0.01 atm. A large pressure ratio P;/P,, was chosen to evade
separation effects. The area ratio ¢ was 40. This value is close to the
optimum area ratio for these conditions. The simulation was
terminated when the endwall thrust reached zero. The figure is
broken down into parts (Fig. 2a and Fig. 2b), the only difference
being the time scale in each. Figure 2a shows the entire cycle until the
endwall thrust has reached zero. Figure 2b shows detail at early
times.

After ignition (¢ = 0), the detonation wave travels at CJ speed
toward the diaphragm. Time ¢, corresponds to the CJ wave arriving at
the diaphragm, following Wintenberger et al.’s [10] nomenclature.

v— Endwall Diaphragm —*/
| State 1 | state o
— X o~

- ——————],  —

Fig. 1 Detonation-tube configuration.
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The region between the Taylor wave and the endwall is labeled as
state 3. P; persists at the thrust wall during the detonation-wave
traversal of the tube and the impulse begins to accumulate. During
time ¢,, the endwall thrust is (P; — P;)A,.

After the diaphragm breaks, the endwall thrust suddenly jumps to
(P3; — P,,)A, because there is no longer a diaphragm acting as a
negative thrust surface. (The apparent smooth rise in endwall thrust
during the sudden diaphragm break, as seen in Fig. 2b, is a
computational artifact.) The CJ wave transmits a shock wave into the
ambient air, and thrust from the nozzle rapidly builds as this shock
wave traverses the nozzle. The peak nozzle thrust corresponds to the
shock wave reaching the exit of the nozzle (see Fig. 2b).

After the shock has left the nozzle, the nozzle thrust starts to decay.
The dynamics of this decay are governed by passage of the Taylor
wave through the nozzle, as well as the expansion waves that begin to
enter the nozzle. These expansion waves later reach the endwall, at
which point the endwall thrust begins its decay. Meanwhile, nozzle
thrust is steady, having begun at time #; + 14 (¢, and #; were defined
in Wintenberger et al.’s [10] model and so they are not repeated here).
At time t; + t, + ts, the nozzle begins to blow down.

Other important events include when a shock wave first appears at
the nozzle exit due to overexpansion (#; + t, + 5 + #5), when the
endwall reaches zero thrust, and when the shock wave that first
appeared at the nozzle exit reaches the throat (the latter event happens
after the endwall reaches zero thrust and so it is not shown in the
figure). Several important conclusions can be drawn from this figure:

1) A nozzle that is choked [i.e., M., = 1 (see Fig. 2a)] need not
be steady. As the pressure and burned gas velocity within the straight
tube decay, the pressure and velocity at the nozzle entrance also
decay, resulting in nozzle thrust decay. All the while, however, the
Mach number throughout the nozzle remains steady, determined
uniquely at each location by the local area ratio. The flow is in fact
quasi-steady, meaning that flow parameters throughout the nozzle
are changing with time, but the well-known steady nozzle equations
can still be applied. That is to say, all unsteady terms appearing in the
mass, momentum, and energy equations are negligible.

2) A converging section is not required for nozzle choking, as
previously observed by Owens and Hanson [7]. This will be
discussed in more detail in the next section.

3) The time for the transmitted shock to traverse the nozzle is very
short. As the nozzle length L,, is decreased, this nozzle startup time is
shortened further. In the limit of L, — 0, the importance of L,
disappears and the problem becomes self-similar in x/L,. For all
cases of realistic nozzle length and divergence angles, the transmitted
shock traversal time is negligible and all cases are therefore
essentially self-similar.

4) Because the nozzle is choked for nearly the entire event, the
straight tube is practically unaffected by the presence of the nozzle.

: : : . T T T T
5| —— Nozzle
,,,,,,,, Endwall
41 Nozzle choked (M, =1) 1
g N Steady nozzle flow .
=7 Endwall thrust = 0
g N Shock appears i
£ at nozzle exit
| Nozzle -
blowdown
N N
t ts |
1 1 1 1 1 i . * .

Time [ms]

a)

Only after disturbances from the environment reach the throat is the
straight-tube flowfield affected by the nozzle. However, this happens
so late that the endwall thrust is essentially unaffected by the
presence of the nozzle. This independence of the straight tube from
the nozzle will be the foundation of the current analytical model.

5) Breaking down the nozzle impulse into its components (viz.,
shock and Taylor wave passage t,, steady flow 75, nozzle blowdown
ts, and shock moving upstream), we see that each of the first three
components are important. Table 1 quantifies these contributions.

These conclusions are used to lay out the strategy for developing
the analytical model. First, the tamper mass residing in the nozzle
will be considered to be negligible. This is true for small values of
P,/ P, and/or small values of L, /L. The important implication is
that the nozzle is instantaneously choked after the CJ wave has
passed, allowing us to segregate straight-tube and nozzle flowfields
from each other. Thus, the straight tube without a nozzle will be
simulated and its time-varying exit state will be tracked to calibrate
the model. Nozzle impulse will be determined by integrating thrust
over t, + t5 + t¢ (i.e., from the arrival of the CJ wave at the nozzle
entrance to the appearance of a shock at the nozzle exit near the end of
the cycle). Additional impulse produced by the nozzle while this
shock wave moves upstream is negligible.

Before beginning the model development, we will first discuss the
steady flow regime evident in Fig. 2 in more detail. This steady state
can be derived analytically and will be useful later in modeling the
nozzle blowdown.

V. Steady Choked State

A. Derivation

The steady thrust shown in Fig. 2 can be derived analytically by the
method of characteristics. Instead of considering the nozzle
configuration with a Taylor wave profile, consider a straight tube of
length L with pressurized quiescent gases: P, > P, and u, =0
everywhere, where ¢ is quiescent. As before, there exists a
diaphragm at x = L. Attime zero the diaphragm breaks and gases are
allowed to escape, expanding and cooling isentropically. As the
gases escape they accelerate, increasing the Mach number at the exit.
In fact, if the pressure differential between the exit and ambient is
large enough, the exit Mach number will continue to increase until
the ambient ceases to communicate with the tube flow (i.e., when the
exit becomes choked). (It is interesting to note that choking, in this
case, is not caused by area change, heat transfer, or friction, which are
the three cases typically dealt with in introductory gasdynamic
textbooks. Rather, the unsteady nature of this flow is what allows
choking to take place.) We will assume that the startup time for
choking is instantaneous, so that at time ¢t = 0% the exit Mach
number is unity. Figure 3 is a schematic of the characteristics in such

T T T T T
6 |- Shock wave at Nozzle A
| nozzle exit—; ,,,,,,,, Endwall
5k i
| Shock wave
§4 [ traversing nozzle Taylor wave T
= r traversing nozzle 1
(2}
23t -
<
e N O A
2F Steady
1+
t1
0 " 1 L rl 1 L 1 n
0.00 0.25 0.50 0.75 1.00
Time [ms]
b)

Fig. 2 Sample histories of endwall and nozzle thrust: a) entire cycle and b) early times; P; =1 atm, §, =298 K, y = 1.14, P, = 0.01 atm, & = 40,

Li=1m,and L, =0.2 m.
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Table 1 Breakdown of the impulse; C,H, + 30,, P, =1 atm, §, =298 K,y =1.14, P, = 0.01 atm, e =40,L; =1 m,
L,=0.2 m,and D; =50 mm

Impulse descriptor Relevant time

Impulse, N - s Fraction of overall impulse, %

Straight tube Entire cycle
Nozzle
Shock and Taylor wave passage 1y
Steady ts
Blowdown te
Remainder Remainder
Overall N/A

5.23 67
1.03 13
1.02 13
0.58 7
—0.066 <1
7.78 100

a flowfield. Also shown is the left-running characteristic moving
away from the diaphragm at sound speed c,,.

Some textbooks (e.g., [16]) deal with the blowdown of a one-
dimensional tube using the method of characteristics, but the exit
state itself is rarely given any special attention. To proceed, we
follow Thompson [17]. Recognizing that the flow is homentropic
(meaning each particle experiences isentropic changes, and all
particles have the same entropy), has constant area, and is without
body forces, it can be shown that the Riemann variables are
conserved along characteristics. In our case, we are interested in the
right-moving characteristics:

Jt=u+ 1c = constant

Thus, finding the exit state is simply a matter of evaluating the
Riemann invariant at a known point on the characteristic (i.e., u =0
and ¢ =c,) and setting u, = c, by virtue of the choked exit
condition. As such, we obtain

2
C, =mcq

We now abandon the quiescent scenario and adjust the initial state
to take on the Taylor wave profile. We expect to capture the same
steady state at the exit because the Taylor wave is followed by its own
quiescent region. In other words, although the characteristics are now
much more complicated than in the wholly quiescent case, the
Riemann invariant is still conserved from a stagnant region with a
particular sound speed all the way to the choke point. The difference
now is that the steady flow at the exit is preceded by a period of
adjustment arising from the Taylor wave. The quiescent region
behind the Taylor wave has traditionally been labeled as state 3. We
extend this nomenclature by introducing state 4 to represent the
steady flow at the exit. Thus,

2
y+1

&) M

Cqy =

Using isentropic relations, we can obtain an expression for the static
and stagnation pressures:

)
4 — ]/+1 3

x=0 x=1L
Fig. 3 Schematic of characteristics for finding the steady choked state.

2 \&
()
y+1 :

This is the state that persists between t; + 1, <t <t + t, + t5 in
Fig. 2.

Recalling that the addition of a diverging nozzle changes nothing
in regard to state 4, we make the important conclusion that the
stagnation pressure that exists in the nozzle during steady flow is not
equal to the stagnation pressure at the endwall: P§ # PY. In fact, for
y = 1.14, the nozzle stagnation pressure is 57% of that of the endwall
pressure. This can also be shown by considering the behavior of a
fluid particle’s stagnation enthalpy as the particle accelerates from
near the endwall to the end of the straight tube. For adiabatic inviscid
flow, the material derivative of stagnation enthalpy is given by [18]

Dh° _ 10P

Dt pot
Thus, because the static pressure in the detonation tube is
decreasing everywhere with time, the stagnation enthalpy of a
particle must decrease as that particle is accelerated toward the exit.

Likewise, the stagnation pressure must also decrease. By using the
following equation of state for isentropic flow,

2

h— = constant
y—1

the change in stagnation enthalpy from state 3 to state 4 can be found
explicitly:

CZ
hy=h)——2
y+1

3

B. Choked-State Validation

Next, state 4 was validated experimentally. A second state was
considered for the sake of comparison. This second state consisted of
accelerating state 3 to the sonic condition while conserving
stagnation enthalpy. This case will be referred to as choked state 3.
This has been a popular approach in previous studies: for example, in
[5], in which state 3 was used to design the nozzle area ratio, and in
[8], in which state 3 was used to model nozzle performance. To best
identify the correct state, various gasdynamic properties were
calculated for both choked state 3 and state 4. These are listed in

Table 2 Gasdynamic properties of two states; C,H, + 30,,
P, =1 atm,and §, =298 K

Choked state 3 State 4
h°, M /kg 1.06 0.368
P, bar 7.26 4.15
0, K 3462 3319
u, m/s 1169 1128
Mole fraction
H,0 0.257 0.272
OH 0.104 0.0955
CcO 0.238 0.230
CO, 0.146 0.161
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Table 2 for the baseline case. STANJAN was used, and so no
constant-y assumption was required. We see that static pressure is
most sensitive to the choice of model.

The validation was performed using Stanford University’s
detonation tube. The experimental setup is described in [19] and is
repeated here for convenience. The facility consists of a stainless
steel tube with a length of 1.6 m and an inner diameter of 3.81 cm. A
0.001 in. Mylar diaphragm was installed at the open end, and the tube
was evacuated. A mixture of stoichiometric C,H, /O, was prepared
in a separate mixing tank. Once the mixture was sufficiently mixed,
the detonation tube was charged to an initial pressure P, which was
varied between 0.4 and 2.1 atm. The initial temperature was 298 K,
and the ambient pressure was maintained at 1 atm. The mixture was
ignited near the closed end using a 75 mJ spark, and deflagration-to-
detonation transition took place approximately 30 cm from the
endwall. Three piezoelectric pressure transducers were mounted
6.83, 16, and 28 cm from the open end and covered with thermal
insulation. These three measurements were extrapolated to the exit
plane to obtain time-varying exit-plane static pressure. The error
incurred by this extrapolation was found to be negligible compared
with heat transfer effects, which are discussed in the next paragraph.
Pressure at the endwall was recorded by a fourth piezoelectric
transducer, also covered with thermal insulation.

Because heat transfer losses are important in a detonation tube
with such alarge L/ D ratio [20], P5 was slightly lower than adiabatic
theory predicts. Thus, the models used to predict exit pressure were
based on the measured P;, rather than the theoretical Pj;.
Furthermore, because heat losses caused endwall and exit pressures
to drop somewhat over time, the reported values correspond to the
time-averaged pressure at the respective locations. Results are shown
in Fig. 4. State 4 matches theory, whereas choked state 3 greatly
overpredicts the steady exit pressure. It should also be noted that the
one-dimensional theory used to determine state 4 is sufficient for
capturing the exit-plane pressure, despite the flow near the exit being
truly three-dimensional.

VI. Impulse Model

The model closely follows that of Wintenberger et al. [10], who
broke down the impulse of a single-cycle straight detonation tube
into its various components. Their model was then modified [11] to
account for lowered ambient pressures. The impulse was expressed
as

v,

I,=K,(P;—P
s x( 3 oo)UCJ

2

where

N
£
T

-
N
 —

Predicted (choked state 3)

-
o
 —

Exit Pressure [atm]
[oc]
—

Predicted (state 4)

0 " 1 n 1 L 1 n 1 " 1

0 5 10 15 20 25
Measured Endwall Pressure [atm]
Fig. 4 Validating the state 4 model; C,H, + 30,, 6, =298 K,
y=1.14, and P, =1 atm; B denotes the current measurement;

uncertainty bars represent the extent of pressure change due to heat
transfer.

K, = M + (Ol + :3) &

P3/Py — Py /P, €3
where [ is the impulse of the straight tube in Newton seconds, and o
and B are dimensionless parameters that depend on, but are very
insensitive to, the state of the reactants (see [10] for further details on
the definitions of o and B). Because of B’s dependence on the
blowdown time, it is also a function of P,.

A. Nozzle Thrust
To begin derivation of the nozzle impulse /,, we first require the

time-varying nozzle thrust 7',. For quasi-steady flow, we have

Tn = ’hn(un.e - un,i) + An,e(PrLe - Poc) _An,i(Pn,i - Poo)

As before, subscript n represents the nozzle and e represents the exit.
We have introduced i to represent the inlet. We next recognize that
the nozzle inlet is given by the exit of the straight tube (i.e., P,,; =
P, andu,; = u ). Because the nozzle is choked, we can obtain P,
and u,, by simulating the straight tube without a nozzle. It can be
shown (see Appendix A) that the thrust reduces to

Tn(t) =An.i(P$,e(t)Gl - POOGZ) (3)

where G| and G, are geometric factors that depend on ¢ and y,
defined here:

Gl(ev V) = yMn,e(gMn.e)_://_;ll + S(“"Mn,e)_% V- 1
Gy(e)=¢e—1

and M, , is determined from ¢ and y using the well-known area/Mach
number relation:

E=—
Mn,e

_ 2 1L
[1 + 1 1)/21Mn.e] @

(y+1/2

Figure 5 shows G, and G,. Two values of y are shown, where
y =1.14 corresponds to equilibrium chemistry and y =1.24
corresponds to frozen chemistry, both for C,H,; + 30,.

B. Impulse from Taylor Wave and Steady Flow

The nozzle impulse is now found by integrating Eq. (3) in time.
For times spanning z, (Taylor wave passage) and 75 (steady flow) (see
Fig. 2), the integration is straightforward:

100 o
GZ

510F _
B
3 G, (y=1.14)
g 1
8 . \ __________
ko) E - _
¢ G, (y=1.24)

01k _
0.01 |
| Iy 100

Exit Area Ratio, &
Fig. 5 Geometric factors required to calculate nozzle thrust.
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1y +1s
I, = T,dt
n

A L Tttt P 71414 +75
[, ="2nits (P3G1/l ' 57“;(T)dr—PooG2/l ' sdr)
T T

C3 | 3

\%4
I, =C—s(P3G1A1 — Py GA;)
3

where

Tttt P
A, E/l ePe@

T1+utts
A, = dr =14 + 15
P3 T

1 1

We have introduced c; and L, due to the nondimensionalizing of
time (7 = r¢3/Ly), following [10]. V, is the volume of the straight
tube. Because the flow is self-similar, A; and A, are completely
independent of geometry and ambient pressure and depend only on
the state of the reactants. The exit pressure of a straight tube without a
nozzle was monitored for various mixtures to obtain A; and A,.
Results are shown in Table 3. We notice that these quantities depend
weakly on the initial state. Recall that o and S also depend weakly on
the initial state.

C. Impulse from Nozzle Blowdown

For sufficiently large P,/ P, the impulse produced from nozzle
blowdown is negligible. For these cases, this section of the paper can
be ignored. For sufficiently small P, /P,, however, the nozzle
blowdown can contribute on the order of 10% of the overall tube and
nozzle impulse (see Table 1). As in the previous section, we will
identify two more nondimensional factors, €2, and €2,, which will be
used to evaluate the impulse. Like A and A,, €2, and 2, will depend
on the initial reactant state. Unlike A and A,, however, 2, and €2,
will also depend on P, and . This is analogous to the way 8 depends
on P, in the straight-tube model. In both models, the impulse
increases with blowdown time and blowdown time strongly depend
on ambient pressure.

One option for finding €2, and €2, as functions of P, and € is to run
simulations for all anticipated cases. However, a much simpler
approach is possible if the following simplification is made. We
assume that by the time nozzle blowdown begins, the contents of the
straight tube are spatially uniform. This reduces the problem to that of
an isentropic constant-volume blowdown with an initial state equal
to state 4. The pressure is given by (see Appendix B)

P.v,e(t) _ (1 +]/_ 16‘4(1‘—1‘0))% (5)

P, 2 L

s
where t, = t; + t, + t5. Figure 6 compares the true straight-tube exit
pressure with that predicted by Eq. (5) for the baseline case with

P, =0.01 atm. Agreement is more than adequate to capture the
desired impulse.

Table 3 Preblowdown impulse factors taken from simulations of a
straight tube without a nozzle (i.e., limit as N/C — 0); , =298 K

Reactants Py, atm P5, atm PR A, A,

H, + %02 1.0 7.12 1.13 0.84 1.80
H, + %airg 1.0 5.93 1.16 0.81 1.79
C,H, + 30, 1.0 12.3 114 084  1.80
C,H, + 30, 2.0 253 114 084 180
C,H, + 30, 3.0 38.4 115 085 181
C,H, + 3air? 1.0 6.91 1.16 0.87 1.92
JP10 + 140, 1.0 14.5 1.14 0.90 1.92
JP10 + 140, 2.0 29.7 1.14 0.85 1.81
JP10 + 140, 3.0 45.1 1.14 0.84 1.80
JP10 + 14air? 1.0 7.01 1.16 0.88 1.93

“Air represents O, + 3.76N,.
All y correspond to chemical equilibrium evaluated at the CJ state.

The thrust is obtained from Eq. (3) and then integrated from ¢, to
to + t¢. The duration 4 is said to have elapsed when a shock wave
appears at the nozzle exit, which occurs when

y+1

P ,=P
e 2yMy -y + 1

It is straightforward to show that 7 is

2 L, P\
tfg=——— —= -1 6
¥ V—1C4[(QP3) ©
where
PP, P 1\ 1
0E.y) =5 5" “=(—” )“(sM,w)%izy+
P4Pn<ePoc 2 2yMne_V+l

and where the ratio of nozzle exit to inlet pressures (denoted by B)
was used:

y

B=n (—51 )7 M, )T @)
= — = = = (& ne vt
P, \1+5'Mm2,

The parameter Q is called the shock factor and is plotted in Fig. 7.
The nozzle thrust can now be integrated to obtain blowdown
impulse:

1+ ly 15+ V.
I = f Tt 1= (PGiQ — PuGaQ) (8
I3 C3

1+ttt

where 2 and €2, have the analytic expressions

2 \& P\
=G l-w)] e

sz%l[(gp—w)fi—q (10)

(see Appendix C for details).

D. Overall Impulse
The expression for the nozzle impulse is

v,

In = (P3Kn<] - PooKn,Z) U
(@)

an

Full solution

Straight Tube Exit Pressure [bar]

0 s 1 . 1 1 1
0 1 2 3 4

Time After Blowdown Starts, ¢ - £ [ms]

Fig. 6 Decay of straight-tube exit pressure, comparing the full solution
with constant-volume (CV) blowdown [Eq. (5)]; both solutions are
terminated when the pressure is such that a shock wave would appear at
the nozzle exit for ¢ =40; C,H, + 30,, P, =1 atm, 6, =298 K,
P,=0.01 atm, y=1.14, P,=4.15bar, c,=1128 m/s, and
Li=1m.
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Exit Area Ratio, &

Fig. 7 Shock factor Q.

where
U, U,
K, = TCJ Gi(A + Q) K., = TCJ G,(As + R2)
3 3

If the impulse from nozzle blowdown is ignored, we set
Q = Q, = 0. Equation (11) is analogous to Eq. (2), derived for the
straight tube without a nozzle. Note that both I, and I, are
proportional to the straight-tube volume and inversely proportional
to the CJ wave speed. Both impulses are also proportional to a
pressure difference, modified by constants; /; depends directly on
K, (P; — P,,), whereas I, involves constants that cannot be factored
out because the pressure difference across the nozzle wall changes as
we move from the throat to the nozzle exit.

The overall impulse and specific impulse are given, respectively,
by

I

I=1+1 P =
s Vipig

These relations can now be used to find the specific impulse for
any straight-tube geometry, nozzle area ratio, reactant state, and
ambient pressure, as long as the tamper mass does not significantly
impede nozzle startup. Table 3 is used to determine A; and A,,
Egs. (9) and (10) are used to determine €2; and €2,, and Eq. (11) is
used to determine [/,. I, is calculated entirely using the
Wintenberger—Cooper model, repeated here as Eq. (2).

VII. Model Validation

There is a scarcity of experimental data available in the literature
for a single-cycle impulse from detonation tubes with nozzles.
Cooper and Shepherd [8] performed a comprehensive study in which
they measured impulse using a ballistic pendulum over a wide range
of ambient pressures. The initial mixture was stoichiometric
C,H,/0, at 80 kPa and 298 K. Several nozzles were tested; the
results from one of them (diverging nozzle, ¢ = 6.5) are presented
here. Figure 8 shows the experimental measurements along with
several models. The top axis shows the ratio of tamper mass to the
reactant mass (N/C), which, for these conditions, is related to
ambient pressure (in bar) by N/C = 1.153P,.

The two dotted lines represent model results that follow Cooper
and Shepherd’s [8] strategy. The model assumes that the nozzle is
steady and pressure-matched to the ambient. This leads to the
following expression for specific impulse:

uVLe‘

8

=

Thus, by specifying the nozzle area ratio and the inlet state, we can
determine the outlet state and thereby obtain /**. The question

Mass Ratio, N/C

0.1 1 10

400 T T :
/Steady model (choked state 3)

300 | \‘ / Steady model (state 4) |

200

Full 2D CFD

Specific Impulse [s]

100 Current model

0 A Ll A Ll . u‘..\\
0.01 0.1 1 10

Ambient Pressure [bar]

Fig. 8 Comparison of experimental data with models; B and steady
model using choked state 3 are from [8] and the full 2-D CFD model is
from [9]; C,H,; +30,, P, =80 kPa, 6, =298 K, y=1.14, and
e =6.5.

remains as to which inlet state to use. Cooper and Shepherd [8] chose
to use the state that corresponded to choked flow with the same
stagnation enthalpy as at state 3. This state has been labeled as
choked state 3 in an earlier section. The second dotted line is the same
model, but uses state 4 as the nozzle’s inlet state. This correction
enables the steady-state model to perform better, but it still greatly
overpredicts I*? at low P.; this is due to the pressure-matched
assumption. An actual steady nozzle operating under these
conditions would be underexpanded, resulting in a lower predicted
e,

The current model is shown as a dark solid line. Agreement is best
at low ambient pressures. As N/ C approaches the order of unity, the
current model fails to predict I*P. There are two reasons for this: First,
nozzle startup time is prolonged, which results in significant impulse
generated as the transmitted shock passes through the nozzle.
Second, flow separation in the nozzle tends to increase impulse
above that predicted when separation is ignored. This is because the
pressure is not allowed to stay subatmospheric downstream of the
separation point. (See [8,21] for further discussion of separation.) It
should be pointed out that N/C is proportional to both P, /P, and
L, /L. Although the current model diverges from the available data
at an ambient pressure of P, ~ 0.2 bar (P,,/P, ~ 0.25), agreement
would likely improve if L,/L, were decreased. The so-called
Gurney model is sometimes employed to deal with the tamper mass
[22]. This adjustment was made, but it was found that the Gurney
model increases the predicted /*P too much. This is discussed further
in Sec. IX.

The increased impulse due to delayed startup time can be
accounted for by performing a full computational fluid dynamics
(CFD) computation. This computation was performed by Morris [9]
and is included in Fig. 8. The CFD model approaches the
experimental data at high ambient pressure yet still falls short due to
the unmodeled flow separation. At low ambient pressure the CFD
model overpredicts the data. This is likely due to losses such as heat
transfer and friction. The current model, on the other hand, is able to
capture these effects because it relies on the parameter 8, which was
obtained experimentally from a tube without a nozzle; 8 therefore
inherently subsumes nonideal effects.

Despite disagreements between models and experiment, it should
be kept in mind that a given nozzle should be intended for a particular
ambient pressure, at least for cruise applications. The current model
can be used to infer the best ambient pressure for the nozzle and initial
conditions of Fig. 8 (see Sec. VIII). This leads to an ideal ambient
pressure of P, = 0.1 bar, well within the range of agreement with
Cooper and Shepherd’s [8] experimental data and Morris’s [9] CFD
calculations.
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VIII. Nozzle Design

The current model can now be used to design diverging nozzles for
PDEs with the optimal area ratio for a given reactant state and
ambient pressure. Because 7, does not depend on ¢, only 7, needs to
be considered in this optimization procedure. After choosing the
reactant and ambient states, the most straightforward and accurate
way to proceed is to vary ¢ in Eq. (11) until /, is maximized. This
gives the optimized area ratio, denoted as &*, and its corresponding
nozzle impulse. The straight tube impulse is then added to get the
overall impulse. The result is normalized by reactant weight to obtain
the specific impulse. The results are plotted in Fig. 9 for the baseline
case. Also included is the specific impulse from a straight tube. This
shows the level of increase in specific impulse by the addition of an
optimized diverging nozzle. The optimized area ratio is also shown
as a solid line. (An additional dotted line, also labeled as the
optimized area ratio, corresponds to a simplified model and will be
discussed next.) As required by the model, instantaneous nozzle
startup is assumed and separation is ignored.

A slightly different approach to identifying the optimized area
ratio &* provides some insight into its dependence on pressure.
Because Eq. (11) is a function of &, it can (in principle) be
differentiated with respect to &, set to zero, and solved to find &*.
However, Eq. (11) cannot be written explicitly in terms of e.
Therefore, we instead differentiate with respect to M,, ., find M;; ,,
and then use Eq. (4) to extract ¢*. All differentiations with respect to
M, , are denoted with a prime. We obtain

I, = (P3K;l.1 — Pk, 2)

n,

V.
s
Ug

which reduces to

P3(G1(A + Q1) + G(A) + 21)) — P (G (A + 2,)
+ Gy(Ar +2,)) =0

In the interest of obtaining an analytical solution, we neglect the
second and fourth terms:

Gy P A+ Q,

1l 12
G, Py A+ (12

The induced error caused by this step is less than 1% in overall
specific impulse. It can be shown (see Appendix D) that G| /G is
given by

G

o =M A (13)

Combining Eqgs. (12) and (13) leads to

—————————100
I¥ for straight tube +
optimized nozzle

@250} x
& I¥ for straight tube :
B 200t s
g_ ——————————— o
E 1'% 8
5 150F 1 2
S Optimized area ratio 1 B
& 100} (full model e {1 £
& 100 ¢ ) =
1 =&

>~J O

50| Optimized area ratio
(simplified)

0 ) PR
0.01 0.1 1

Ambient Pressure [bar]

Fig. 9 Optimized nozzle design vs ambient pressure; C,H, + 30,,
P, =1atm, 0, =298 K,and y =1.14.

bty o= Te 2e

' Py A+ Q

The left and right sides are functions of M, ,, and so the solution is
found using a simple iterative solution-finder (e.g., Excel’s Goal
Seek). We next find ¢* immediately from M, . Figure 9 shows the
optimized area ratio obtained by this method (labeled simplified) for
the baseline case. Notice that there is some disagreement between
this ¢* and that obtained by manually tuning Eq. (11). When
translated to /°P, however, the discrepancy is less than 1%. Knowing
that A and A, are insensitive to the initial mixture, we may expect
the same for €2, and €2, in which case, ¢* depends only on P,/ P;
(recall that 2, and 2, depend on P,/ P;). Figure 10 shows &* for
various fuels and oxidizers plotted against P /P, the important
ambient-to-fill pressure ratio. Figure 11 shows the same data plotted
against P,/ P;, the ambient-to-plateau pressure ratio.

Indeed, we find that by plotting &* against P, /P; instead of
P, /P, the data come close to collapsing onto a single line. The
reason for this dependence of I** and &* on P,/ P is that P; and P,
determine how much impulse can be obtained by the products,
regardless of what reactant state was used to produce the products. A
second-order least-squares fit to these data yields a convenient design
tool for sizing the optimized exit area ratio:

P\ T P,
?n(a*)zal[&»(?%)] +az {’n(?%) +a3 (14)

100 vy ——————— ———

—m—H2 +0.502
—o—H2 + 0.5air
—4&— C2H4 + 302
—v— C2H4 + 3air
——JP10 + 1402
—x—JP10 + 14air

Optimized Area Ratio
>
T
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sl L " MR |
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R.IP,

Fig. 10 Predicted optimized area ratio vs ambient/fill pressure ratio;
P; =1 atm and 6; =298 K.
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o
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Fig. 11 Predicted optimized area ratio vs ambient/plateau pressure
ratio; P; = 1 atm and 6, = 298 K.
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where a; = 0.0281, a, = —0.431, and a; = —0.596. Owens and
Hanson [7] numerically simulated stoichiometric C,H,/O, with
P, =1 atm and found that the specific impulse was optimized for
¢* = 1.8. This agrees well with Eq. (14), which predicts ¢* = 1.9.
We remind the reader, however, that the most accurate results are
obtained by manually tuning £* via Eq. (11) to maximize /,, rather
than Eq. (14), which is only an approximation.

IX. Model Limitations

Although the model developed here performs well under certain
conditions, there are still important limitations that need to be
addressed in the future. The limitations imposed by a large tamper
mass have previously been dealt with using a Gurney model [22,23].
This technique was applied to the current model to improve our /*?
predictions at higher values of N/C. As expected, the Gurney model
increased the predicted specific impulse. However, the increase in /*P
was too great, leading to an overprediction of performance. This is
likely due to the fact that the standard Gurney model assumes the
tamper mass to be rigid. Thus, improvements could be made to the
current model by applying a pseudo-Gurney model that takes into
account compressibility of the tamper mass.

The current model addresses purely diverging nozzles. Because
adding a converging section would affect the impulse generated by
the endwall via reflected compression waves, it is not possible to
incorporate a converging section into the current model. However, a
model that addresses only diverging nozzles is still highly valuable in
light of what other authors [7,8] have found: namely, that adding a
converging section to a nozzle reduces the specific impulse. This is a
result of the negative thrust produced by the converging section, as
well as enhanced heat transfer from the prolonged blowdown times.
However, under certain conditions it may be beneficial to have a
converging section. For example, a converging section would make
it possible to achieve a fill pressure that is higher than the ambient
pressure (P; > P_,) under a dynamic filling scheme. In cases in
which a converging section is necessary, the negative effects it
introduces could be minimized by making the throat area only
slightly smaller than the straight-tube area. This recommendation is
based on the work by Cooper and Shepherd [8], who found that /*P
increased as the throat area increased. Additional work needs to be
performed to ascertain the largest throat area that still chokes the flow
during engine filling.

Finally, the single-cycle nature of the current model should be
addressed. PDEs operate on a multicycle basis, and so the current
model is a good predictor of performance if we assume that there is
no interaction between cycles. This will depend on many factors,
including engine design and the amount of purging done when
removing products. In any case, the current single-cycle model is a
good place to start when determining the feasibility of nozzles during
multicycle PDE design.

X. Conclusions

This paper discussed several models for predicting specific
impulse from a single-cycle detonation tube fitted with a diverging
nozzle. When compared with available experimental data, we found
that the model proposed herein predicts the specific impulse best,
because it makes no assumptions about steady flow or pressure
matching. However, the model must be restricted to conditions
having low tamper masses. CFD models also perform well, but at the
expense of long computational times.

The model was then used to demonstrate how an area ratio could
be chosen for a given fuel, oxidizer, initial pressure, and ambient
pressure. The optimized arearatio is almost entirely dependent on the
ambient/plateau pressure ratio.

The exit state of a detonation tube was also briefly discussed. The
important conclusion was that the stagnation pressure inside the
nozzle is lower than the stagnation pressure at the endwall.

Appendix A: Deriving Equation (3)

Starting with the nozzle thrust equation,
Tn = ’hn(un.f - Mn,i) + An,e(Pn,e - Poo) - An,i(Pn,i - Poo)

we recast the mass-flow rate as A, ;p,, ;u, ; and recognize that u,, ; =
cpiandu,, =M, c,,.:

Tn = An,ilon,icn.i(Mn,ecn,e - Cn,i)
+ An,e(Pn.e - Poo) - An.i(Pn,i - Poo)

Next, factor out A,, ;:

Tn = An,[|:/0n,icﬁ.i(Mn,f Cne - 1) + S(Pn,e - Poo) - (Pn,i - Poo)]

n,i

We wish to replace all densities and sound speeds by pressures.
Using the isentropic relations

=) =)
Py P3 C3
we obtain
1 vl r=1
TnzAni 03 Pn.i Vc% Pn.i VV Mne Pn.e VZV -1
' Py AP AP

+ S(Pn.e - Poo) - (Pn.i - Poo)] (Al)

Recall, from Eq. (7), the ratio of P, , to P, ;:

Pn,e

= (eM, )7
b= (eM, )7

B =

n,i

Next, substitute B into Eq. (Al) and eliminate p; and c3 using P3:
Ty =4 [yfa (PP—) (M, B = 1) + e(P, ;B — Pxy)
3
~(Pri= P2
Group the expression into a P, ; term and a P, term:
Ty = Ay P i(y(M, BT = 1) + 6B — 1) = Poo(e — 1)]
Eliminate B with Eq. (7) and replace P, ; with P_:
Ty = AylPy (M (M, ) 77— y + e(eM, ) 71 = 1)
— P (e—1)]
By defining G, and G,,
Gy = yM, (eM, )7 +e(eM, ) T —y—1  Gy=e—1
we recover Eq. (3):

Tn :An,i(PLeGl - PooGZ)

Appendix B: Deriving Equation (5)
Start with conservation of mass:

dm .
. =—m

dt

On the right side, recast the mass-flow rate as A p, u,, and
recognize that u, , = c; ,. On the left side, express m using volume
and density:
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d,O
1% s,e

2\ 2 ¢ P\m ]
K - _Aslos.ecs,e Q, = (7)1/ B (1 — |11+ ( OO) - 1 ! )
dt ! y+1) y+1e¢ Q
Replace V,/A, with L, and express all thermodynamic variables in

Py
terms of state 4: which simplifies to

2\ P\7
Loy (e = _(Pee) () e 91=( )“[1—(Q w)]
Tt P4 Pa o )7

y+1 P_3

Eliminate sound speed using the isentropic relations found in which is the form of 2, as it was defined in Eq. (2). Now focus on the
Appendix A:

P, term of Eq. (A2) (specifically, the quantity t5c3/L;):

y+! 14 L
L d (px.e) _ (px,e) er 263 iﬁ[(QPOC) ]
s . -\ C4
dt \ py P4

T} T
s Y — 1 Cy P'g
Eliminate c3/c, using Eq. (1) and define the result as 2,:
Rearrange -
tec 1 P\
v+l 63 Y+ ) 4
_ytl = —_— —1{=Q
) ) (o) e
P4 P4 L,
o o ) Rewrite Eq. (A2) with Q and 2,, and replace A, ;L with V:
Because the initial density is p,, we integrate p,,/p,s from 1 to '
: Vs
Os.e/ P4 and ¢ from 1, to t: I, C_& (P3G, 9, — PoGy)
3
Pse 1+V—1C'4(t—to) el
Py 2 L,

which is Eq. (8), the nozzle impulse from blowdown.
Express the preceding equations as pressure using the isentropic
relation to recover Eq. (3):

Appendix D: Deriving Equation (13)

Recalling that G4,
Q: 1+y—lc4(t—t0) 4
P, 2 L

Gl = yMn.e(gMn,e)7% + S(SMn,e)i% -y 1
we write this in terms of B using Eq. (7):
Appendix C: Deriving Equation (8)

Gy = yM, BT +eB—y—1
For the blowdown of the nozzle, we get the impulse by integrating
thrust over #4:

Differentiate
- -1
ot G, =yB7 + V="M, BB +¢B+¢B
I, = [ T,dt 2
o Divide by G5, which is equal to &’:
Using the expressions for pressure at the straight-tube exit [Eq. (5)] G Bt _1 g .
and nozzle thrust [Eq. (3)], Ei —y . + Y . M,, . + B+ ZB/ (A3)
P,, — Lyt — 1) 54
l; = |:1 + %%] ! T,=A4,,(P,.G, — P,G>) From Eq. (7) it is straightforward to show
4 s
, 2y 21
we obtain B =— v+ M, B (A4)
I -/m+1<, ([1 n y—1lcu(t— tO)]_%P4G| _p Gz)dt Substitute Eq. (A4) into Eq. (A3):
n n,t 2 LT oo - -
v : G, B y—-1_, B 2y e 21
Evaluate the integral Eﬁ =7 P Vy T+ an,e o B _—)/ n lgMn,e v
2 L, — legtg |51
1 =a |pa, Ly ]+ y—legts ) PGy, Factor common terms
’ Y+ 1 Cy 2 L. y—1
3 S/ NSl PR LYVl M, B
= — — %y
Multiply by L,/c; and express P, using Ps: G, Yoy y+1 "¢ y+1 E¥ne
; AL, [P G ( 2 )% 2 e Factor further
n = 3 I 1
1 1 -
¢ Y+ VZ+ cy Gi _p. B P =t e B
) (1= 14X tal 7T _p g, l5 (A2) G ey 2
2 L T L
The last term is unity:
Focus on the P; term of Eq. (A2). Define 2,: -
o Lyt Gy B2 gt (Y e, 1
Q= (i)iﬁ T P ) G, R 2 e
y+1 y+1lcy 2 L

Substituting the expression for #4, Eq. (6), we obtain

ne-*

Using Eq. (7), write the B that appears inside the brackets in terms of
M
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2 (1+y=D/2M; .\ (v -1
X[l_wl( [+ 12 ) (2 Mﬁ‘“)]

Rearrange

G, B
“1_pB
AR
5 [1 _ (1 + (v - 1)/21M%.e)*‘ (1 + [ - 1)/2M%.e)} s
(y+1/2 (r+1/2
Eliminating B using Eq. (7), we recover Eq. (13):
G 2y
o = (M, )7
2
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